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1. INTRODUCTION 
In [5] it was shown that no nontrivial classical solution exists for the 
semilinear boundary value problem 
A2u + p(x) f(u) = 0 in Q, 
u=O=Au on c%& 
(1.1) 
when 0 is a convex domain in the plane, p > 0 andfsatisfies sf(s) > 0 in a, 
and A is the Laplace operator. Iff(0) = 0 then u z 0 is a solution of (1.1). 
The above (nonexistence) result follows from the subharmonicity of the 
Miranda functional 
P = /grad ~1’ - u Au 
and was used to deduce the uniqueness of the solution for the semilinear 
problem [ 61 
A2v + p(x) w(v) = F(x) in a, 
u = G(x), Av = H(x) on &2, 
(1.2) 
when pw’ > 0 in R, where the prime denotes differentiation with respect to 
argument. 
Our purpose here is to extend the nonexistence result to n > 2 dimensions 
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without the convexity constraint on the domain and for a larger class of 
nonlinear equations. From this extension, we obtain a uniqueness result for a 
class of nonlinear boundary value problems which, when linear, extends the 
uniqueness results in [I, 21. As further consequences of the maximum prin- 
ciple on which this work is based, we shall obtain sufficient conditions for 
the nonpositivity of a solution to a class of nonlinear boundary value 
problems and an estimate for the square of the Laplacian in such problems. 
The latter result is an extension of Theorem X in [4] and can lead to a priori 
bounds for solutions to fourth order nonlinear problems considered here. In a 
concluding section we also obtain two quick estimates for solutions of a 
nonlinear equation subject to a different set of boundary conditions as 
further illustration of the use of the subharmonic functional. 
2. PRINCIPLE AND MAIN RESULT 
We consider the class of nonlinear boundary value problems 
Ah - q(x)(A@ + p(x) f(u) = 0 in 51, 
u=O=Au on 8R, 
(2.1) 
where D is a bounded domain in Euclidean n-space, f is defined for all real u 
and 
P(X) > 0, AP(x) < 0, 4(x) z 03 k=2m-l>O, (=I 
in R. We assume that q E C”(O) and p E C’(O) although less smoothness is 
possible for the results developed here. We note that the constant k need not 
be an integer in the following discussion. 
Here we define a functional of the form 
4 = (Au)’ p + 2 1’ f(f) df 
0 
(2.3) 
for u a solution of (2.1). With the comma notation for partial differentiation 
and the summation convention on repeated indices, we compute 
A#= 
~(Au),,(Au),~ + 2Au A*u 4P,i AU(AU),i 
P P - P2 
2~7, Pi,’ - Ap(Au12 + 
P2 P3 
+ 2f’U,iU,i + 2f AU 
= + l(A++ I* + 2q(A;)k+1 - Ap$u)* +2flu,iu,ia 
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Consequently by (2.2) and the additional assumptionf’(u) 2 0, we have that 
4 is subharmonic in a and hence attains its maximum on 80. As a result of 
the boundary assumptions on U. we obtain the following principle. 
THEOREM 1. Zf u E C”(Q) fl C’(b) is a solution of (2.1) under the 
conditions (2.2) andf’(u) > 0, then 
(Adz ?+2j”‘J(t)dt<O. 
0 
(2.4) 
We now ask thatf(0) = 0 so that the trivial solution tl= 0 will indeed be 
a solution of (2.1). In fact, with this additional assumption we can extend the 
nonexistence of nontrivial solutions result of (51 without regard to dimension 
or the convexity of the domain R. 
THEOREM 2. The trivial solution is the only solution of (2.1) under the 
conditions (2.2), f’(u) > 0, and f(0) = 0. 
Proof. Let u be any solution of (2.1). Sincef’ (a) 2 0 andf(0) = 0 imply 
that ji f(t) dt > 0, it follows from Theorem 1 that Au = 0 in a. We conclude 
that u E 0 in d since u = 0 on XL Thus u E 0 is the only solution of (2.1). 
As the proof of the above theorem follows directly from the nonnegativity 
of the integral, it is interesting to note thatf’(x) > 0 and s: f(t) dt > 0 imply 
that xf(x) 2 0 and, in particular, f(0) = 0. 
Clearly there are many nonlinearities which satisfy the requirements of 
Theorem 2. In particular, one may cnsiderf(t) = at + br3, where Q and b are 
positive constants, which is a nonlinearity that arises in the bending of cylin- 
drical shells and plate theory 131. 
We observe that some sign conditions on the coefficients p and q are 
needed since u = sin x sin y is a nontrivial function on R = (0, z) X (0, rr) 
which satisfies u = 0 = Au on LXJ and the equations 
A%-44u=O, A2u+4Au+4u=0, Ah f Au - 2u = 0, 
in 0. 
Frequently a uniqueness result is obtained in nonlinear boundary value 
problems by appealing to the differential mean value theorem. We cannot 
obtain a satisfactory uniqueness result for (2.1) due to the conditions on the 
coefficient p(x) in (2.1). That is, we are unwilling to impose the severe 
restriction that Apf’ < 0 in order to deduce uniqueness. However, when k in 
(2.1) is given by k = 2m + 1 > 0 and f(u) = a we get the following. 
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COROLLARY. There is at most one solution in C’(D) n C’(a) of 
A% - q(x)(Au)k + p(x)u = F(x) in R, 
u = G(x), Au = H(x) on X2, 
under the conditions (2.2) and k = 2m + 1 > 0. 
We note that when k = 1, the result here extends the uniqueness results in 
[ 1,2] to more general linear boundary value problems. 
3. SOME FURTHER CONSEQUENCES 
By means of the minimum principle for superharmonic functions and the 
maximum principle for subharmonic functions, it is known that solutions of 
(1. l), where p(x) f(u) > 0 in a, satisfy u < 0 in 0. This same conclusion 
can be obtained for solutions of (2.1) if we assume in addition to (2.2) that 
f(u) > 0 and f’(u) >, 0. This follows by a simple contradiction argument 
since the integral in (2.3) is nonpositive by Theorem 1. We state this result 
as 
THEOREM 3. If u E C’(Q) ~7 C*(a) is a solution of (2.1) under the 
conditions (2.2), f(u) > 0, andf’(u) > 0, then u < 0 in a. 
Another consequence of Theorem 1 is the following. 
THEOREM 4. If u E C”(0) f7 C*(n) is a solution of 
A*u - q(x)(Au)k - p(x) f(u) = 0 in R, 
u=O=Au on LM2. 
(3.1) 
under conditions (2.2), and f ‘(u) < 0, then 
(Au)* ( 2p 1’ f(t) dt. (3.2) 
0 
This inequality, which extends Theorem X in [4] to a more general 
nonlinear equation, follows immediately by replacingf(u) in (2.1) by -f(u) 
and making the appropriate changes in (2.3) and Theorem 1. Clearly 
Theorem 2 and the Corollary can be restated in the context of (3.1) and we 
can deduce that u > 0 in d for any solution of (3.1) under the conditions 
(2.2), f(u) > 0, and f’(u) < 0. Further, as in [4] (see p. 432), one may use 
(3.2) to determine a priori bounds for a solution of nonlinear boundary value 
problems of the form (3.1). 
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As a final consequence of Theorem 1 we note that the theorems in 121 can 
be improved by means of the weaker assumption on the function p(x). 
Moreover an error at the top of p, 3 in 121 is overcome by use of our 
hypothesis on f: 
4. CONCLUDING REMARK 
In the foregoing we have derived some immediate consequences of a 
subharmonic functional of solutions of a nonlinear equation subject to 
boundary conditions of the second kind. Other results and inequalities can be 
obtained under boundary conditions of the first kind. For example, without 
restriction on the dimension and with a “respectable” nonlinearity, suppose 
that u is a solution of 
d2u - q(x)(ffu)k + p(x) e” = 0 in Q, 
24=o=atdp on as2, (4-J) 
under conditions (2.2), where a/& is the outward normal derivative operator. 
Since 4 is subharmonic in f2, it follows that 
(4.2) 
where 
M2 = ml (Au)*, B= p,‘, p. = ITII p(x) > 0. 
From (4.2) one easily obtains the estimates 
u < ln(1 + @W), (fli.q < P(2 + Bfw), 
where 
P = m;x p(x). 
One could obtain similar estimates in various 
problems as well as for more general nonlinearities. 
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